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STABLE QUASIMAPS TO HOLOMORPHIC 
SYMPLECTIC QUOTIENTS 



BUMSIG KIM 



O . 

^J ■ Abstract. We apply the stable (twisted) quasimap construction 

to holomorphic symplectic quotients and obtain moduli spaces with 
symmetric obstruction theories. 

r*j'', 1. Introduction 

"*^ ■ There are, so far, two classes of moduli examples which naturally 

^ . carry symmetric obstruction theories: 

c^ ■ • Moduli of stable objects in the abelian category of coherent 

sheaves on a Calabi-Yau threefold ( |Th] . see also |PT] ). 
• Moduli of stable objects in the abelian category of representa- 
CN ■ tions of a quiver with relations given by a superpotential ( |Sz2j ) . 

1/-^ ■ In this paper, we add one more such class: 

^ ' • Moduli of stable objects in the abelian category of coherent 

M-twisted quiver sheaves on a projective smooth curve C. 

lO ■ It arises as a curve counting on a holomorphic symplectic quotient 

^ , described by a quiver. Note that the natural perfect obstruction theory 

on the mapping space Mor(C, Y) is symmetric when the target Y is 
holomorphic symplectic and the domain curve C is an elliptic curve, 

1^. since for a map f : C ^ Y, 

"g; oh{fy:=H\C,rTxy = H\CJ*nx®ujc) 

- i7°(c,rrx) = def(/), 

where ob(/) is the obstruction space at / and def (/) is the 1st order 
deformation space at /. When Y is given by a holomorphic symplec- 
tic quotient of an affine variety X by a complex reductive Lie group 
G action, we can apply the quasimap construction of |CKt ICKM] in 
order to 'compactify' Mor(C, Y). The advantage of the construction 
compared to the stable map construction is that we can keep the fixed 
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2 BUMSIG KIM 

domain curve so that the natural extension of the obstruction theory 
still remains symmetric (Proposition I3.6p . When X carries a torus ac- 
tion commuting with G such that the fixed loci X///G is proper over C, 
then the induced fixed loci on the moduli space of stable quasimaps is 
also proper over C Therefore, one can obtain well-defined localization 
residue 'invariants' in the case. 

This method can be applied to the case when F is a holomorphic 
symplectic quotient of a double quiver. In this case, a quasimap is 
nothing but a quiver bundle on C. Using the idea of twisted quiver 
bundles, we can obtain the corresponding notion of twisted quasimap. 
We show that the moduli space of stable M-twisted quasimaps carries 
a symmetric obstruction theory (Theorem 15. 9p and the stability as 
quasimaps coincides with the asymptotic stability of the slope stability 
of quiver bundles (Proposition 15. lip . In the case of ADHM quiver, 
these facts have shown by Diaconescu in [Di], which is, together with 
the quasimap construction |CK[ ICKM] , the main source of inspiration 
for this work. We also show that with respect to a slope stability, 
the moduli space of stable twisted quiver bundles carries a natural 
symmetric obstruction theory (Theorem 15. 9p . 

The typical examples for double quivers in our framework can be 
ADHM quiver ([Dll ICDPli ICDP2] ) and the framed ADE quivers. We 
will study the wall-crossing phenomena elsewhere, showing that the 
conditions corresponding to (a) (the moduli stack is analytic-locally the 
critical locus of a holomorphic function on a smooth complex domain) 
and (b) (the Euler form is numerical) in §1.5 |JS] holds in our setting. 

Acknowledgements. The author thanks Kurak Chung, lonut Ciocan- 
Fontanine, Duiliu-Emanuel Diaconescu, Sukmoon Huh, Byungheup 
Jun, Hoil Kim, Hwayoung Lee, and Davesh Maulik for useful discus- 
sions; and Kai Behrend and Balazs Szendroi for pointing out references. 
This work is financially supported by KRF-2007-341-C00006. 

2. Holomorphic symplectic quotients 

2.1. Symplectic quotients. We set up holomorphic symplectic quo- 
tients for our purpose. Let X be a smooth affine variety over C 
equipped with a holomorphic symplectic form 

CO -.Tx^Tx ^Ox. 

Suppose that a complex reductive, connected Lie group G acts on X as 
a hamiltonian action, i.e., the action preserves u and there is a so-called 
complex Tuoment map /j, : X ^ Q* . The moment map is, by definition. 
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a G-equivariant algebraic morphism such that for every tangent vector 
^ of X and every g E Q 

(2.1) {d^^{0,g) = UJ{da{g),0 

where da is the derivative of the action map a : G — )■ Aut(X). Here G 
acts on Q* by the coadjoint representation Ad*. 

Choose an Ad*-invariant element A in Q* . For a character x ^ 
Hom(G,C^), let C^ be the one-dimensional representation C associ- 
ated to X cLnd let L be the linearization /i~^(A) x C^. The holomorphic 
symplectic quotient X/// xxG is defined to be a GIT quotient 



/.-i(A)//^G:=Proj 0if°(/i-i(A),LO 



11 l^/X {/\J,1^ ^ 

We will use the following conventions (see [Nej ) . 



Definition 2.1. A point p in /i~^(A) is called semistable if there is s G 
H^{X,L'')'^ for some / > such that s{p) ^ 0. The semistable point 
p is called stable if the stabilizer Gp is finite and the action of G on 
{q : s(g) 7^ 0} is closed (i.e., every orbit is closed in {q : s{q) 7^ 0}). 

For a 1-parameter subgroup, i.e., a homomorphism A : C^ — )■ G, 
denote the exponent m of t™ = x{^{t)) by (x?-^)- Then, there is 
a numerical criterion for semistable and stable points adapting the 
Hilbert-Mumford criterion. 

Proposition 2.2. ([KiJ) Suppose that the G-action on X is linear in 
the sense that there is a G-equivariant closed embedding of X into a 
G-linear space. A point p is semistable (resp. stable) if {x, A) > 
(resp. {x, A) > 0) for any nontrivial 1-parameter subgroup A for which 
the limit of X{t) ■ p as t — )■ exists. 

In the above, the 'sign' convention is correct since {g ■ s){p) = 
xigYsig-^ ■p)iise H%fi-\X), V) so that 



0i/°(/.-i(A),Lr = CKi(A) 



X C.-il^, 



l>0 



where the right hand side denotes the G-invariant part of the afiine 
coordinate ring of /i~^(A) x C Later we will assume that there are no 
strictly semistable points so that GIT quotient ii^^{\)// lG is an orbit 
space fi~^{Xy/G. 

The equation (12. ip shows that the isotropy group Gp of a point p E X 
is a finite group if and only if dfi\^ ^ : TpX — )■ Q* is surjective if and only 
if ]? is a regular point of the moment map /x. Hence, the stack quotient 
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[/i ^{Xy/G] of the stable locus /x ^(A)* is a holomorpliic symplectic 
stack. 

2.2. Symmetry. The derivatives of a and fi together give rise to a 
commutative diagram 











-> g(S)0 



da 



X 



> % 



dfj. 



X 



> Q*(g)Ox 



-> 



id 



-id 



^ g^Ox 



dij.'^ 



■> n 



da''' 



X 



■> g*^Ox 



-^ 



of G-sheaves due to equation (12. ip . Note that the first horizontal of 
the diagram is a G-equivariant complex after the restriction to /i~^(A). 
Here, the G-action on Q is the adjoint representation Ad. The complex 
will be considered as a 3-term perfect complex 



g®Ox^rx^g*®Ox 



-1(A) 



supported at [—1, 1]. 

Note that the commutative diagram shows that 

(2.2) F"^ ^ F 

as complexes of G-sheaves. Note also that F\ , descends to the tan- 

^ Im^1(a)« 

gent sheaf of the stack quotient [fi~^{XY/G] upto quasi-isomorphisms 



(that is, the monad F\ 



-1{A)'= 



is quasi-isomorphic to the pullback of 



T[^-i(\)s/QT^). Hence, F is a locally free extension of i^ _^ ^ which 
plays the role of 7[^-i(a)Vg] on yU^^(A)''. 

3. Stable Quasimaps 

3.1. Quasimaps. The notion of stable quasimaps appeared for a com- 
pactification of maps from G to a GIT quotient, in this paper which 
is fi~^{X)//G. If there are no strictly semistable points and all isotropy 
groups are trivial, then such a map exactly amounts to a principal G- 
bundle P on G with a G-equivariant map m : P — )■ fi~^{Xy. We recall 
the precise definition of stable quasimaps with a fixed domain curve G. 

Definition 3.1. By a principal G-hundle vr : P — t- F on a scheme F, 
we mean a scheme P with a free left G-action which is etale locally 
trivial, i.e, there is an etale surjective morphism from a scheme Y' to 
Y making the pullback P XyY' isomorphic to G x y as a G-space 
over Y' . By a morphism between two principal bundles on Y , we mean 
a G-equivariant morphism over Y . 
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If P is a principal bundle with right action as usual, then we will 
consider it as a principal bundle with left action through G — t- G, 

Definition 3.2. ( |CKt ICKM] ) A pair {P,u) is called a quasimap to 
fi~^{X)//G with a rigid domain curve C if P is a principal G-bundle 
on a projective smooth curve C and w is a section of a fiber bundle 
P Xg /i~^(A). A quasimap (P, m) to n~^{\)// lG is called stable with 
respect to L if the preimage u'^{P Xq (/^^^(A))") of the L-unstable 
locus fi^^{\)^ is finite points. 

Often, we will consider u also as a G-equivariant map from P to 
/i~^(A). Note that the definition of quasimaps does not require a choice 
of linearizations. Two quasimaps (P, u) and (P', u') are considered 
isomorphic if there is an isomorphism 

P -P' 



C 

of principal G-bundles preserving sections, that is, (p o u = u' where 
(j) : P Xg yU^^(A) -^ P' Xg /i^^(A) is the map induced from 0. Define a 
degree class (5 of (P, n) as the homomorphism 

/3 : Pic^(/i^i(A)) ^ Z, L' ^ degu*(P x^ L'). 

Later we will replace Pic'^(/i~^(A)) by Pic'^(X). The moduli stack 
Qmap := Qmap{fi~^{X)// lG, (3,C) of stable quasimaps with a rigid 
domain C and a fixed degree /3 is constructed in |CKMj as a DM stack, 
proper over the affine quotient SpecC[/i~^(A)]'^. Here the map from 
Qmap to SpecC[/i^^(A)]'~^ is obtained by assignment: 

(P,m) ^ lm{C H [i2-\X)/G] -^ SpecC[i2-\X)f), 

where the composite is a constant map since C is projective and the 
affine quotient is affine. The stack Qmap is in fact an algebraic space 
since there are no nontrivial automorphisms so that the moduli DM 
stack coincides with its coarse moduli space. 

3.2. Symmetric obstruction theory. Since X is smooth, the tan- 
gent complex L)^_ij-^N of the complete intersection fi~^{X) is quasi-isomorphic 
to 

[Tx\f,-iix)->G*®0^-^x)]- 
Its descendant on the universal family V Xq fJ'~^{X) is the relative tan- 
gent complex L^, where V is the universal principal G-bundle on the 
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universal curve C of Qmap and p is the projection from V Xq /W^^(A) 
toC. 

The deformation space and an obstruction space of sections u with 
fixed P are H\C, i4*(L^)|^^,^^j), i = 0,1, respectively. They are shown 
to formulate a relative perfect obstruction theory in |CKM] . provided 
with 

Condition 3.3. (1) There is no strictly semistable locus of /i^^(A). 

(2) The stable locus fi~^{Xy is smooth. 

(3) The G-action on yU^^(A)'* is free. 

The above condition will be assumed from now on unless stated 
otherwise. Denote the natural maps by 

p . 

(3.1) V XGfi-H\)T^C = C X Qmap^^Qmap—^^unciC) , 

u 

where Q5u?t,g(C) is the smooth algebraic stack of principal G-bundles 
onC. 

Theorem 3.4. ( |CKM] ) There is a natural relative perfect obstruction 
theory 

for Qmap, where I^Qmap/'Bunaic) is the two-term truncation of the rel- 
ative cotangent complex. 

Let J-" denote the complex on P x^ /i~^(A) associated to the perfect 
complex F. In what follows, we slightly abuse notation by identify- 
ing locally free sheaves and their associated vector bundles. Since the 
cotangent complex 0*Lig„„g((7)[l] is 

(3.2) (R'n.AdVy = iR'n,u*{V Xq (/i"'(A) x g))^ , 

the induced homomorphism {R*7i^u*J^y — )■ Lg^ap becomes a (abso- 
lute) perfect obstruction theory, which will be shown to be symmetric 
in the below. Here the isomorphism (13.21) is inherited from the fiber 
square 

V X /i-i(A) < V X p-\X) X g 



(id,«) 



(id,M)xid 



V i Vxg. 

and the induced homomorphism is obtained by one of the axioms of 
triangulated categories. 
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Definition 3.5. ( |BF] ) A perfect obstruction theory E — )• La/ for a 
finite type DM-stack M is called symmetric if it is endowed with an 
isomorphism a : E ^ -^^[1] i^^ the derived category of coherent sheaves 
on M such that a"^ [1] = a holds, where L^f is the two-term truncation 
of the cotangent complex of M. 

Proposition 3.6. Assume Conditions \3.3[ If C is an elliptic curve, 
then the perfect obstruction theory 

for Qmap{X///G, /3, C) is a symmetric obstruction theory. 

Proof By Grothendieck duality and (ESD, {R'ti^u*FY = R'Tr*{{u*J^'^)^ 
Well]) — R'''T*u*J^[l]. Denote by a the composite of the isomor- 
phisms. We need to check that a^ = a[— 1]. This can be seen by 
tr(a, ib) = tr(z^a, b) where tr is a trace map and i is the isomorphism 
J^^J^^. D 

Remark 3.7. Let E = {R*ti^:U*J^Y . Then in the proof of Proposition 
13.61 we show that there is an isomorphism E — )■ -£'^[1]. This in turn 
together with the fact that there are no nontrivial infinitesimal auto- 
morphisms, implies that ii^ is a two-term perfect complex in derived 
category of coherent sheaves. This, in particular, shows that (2) and 
(3) in Conditions 13.31 are unnecessary. The Condition (1) is needed to 
establish that there are no nontrivial infinitesimal automorphisms. 

4. QUASIMAPS TO SYMPLECTIC QUIVER VARIETIES 

4.1. Nakajima type quiver varieties. Let Q be a finite quiver, 
which means that it is equipped with two finite sets Qoi Qi ^^nd two 
maps t,h : Qi ^ Qq. We call Qo (resp. Qi) the vertex (resp. arrow) 
set of Q and ta (resp. ha) the tail (resp. head) of arrow a E Qi. Let Q 
be the double quiver of Q. It is defined as follows. The vertex set Qq of 
Q is exactly Qq. For each arrow a in Qi, create exactly two associated 
arrows a+, a~ of Q, by making the head (resp. tail) of a~^ (resp. a~) = 
the head (resp. tail) of a. Fix a subset Qq of Qo and let Qq := Qo \ Qq. 
Given a dimension vector f = (f j) G N*^", let 

Rep{Q,v) := (Hom(C^'-+, €'''>«+) ©Hom(C'''"-,C^'^"-)). 

aeQi 

After Rep(Q, v) being canonically identified with the total space of the 
cotangent bundle of 

0Hom(C''*'^+,O-+), 

aeQi 
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X := Iiep{Q,v) can be regarded as a holoniorphic symplectic man- 
ifold with the canonical holoniorphic symplectic form u. The linear 
symplectic form is defined by 

uj{A,B) = ^trA„+fi,- - ti Aa-Ba+ 

a 

for tangent vectors A,B E Ta,Rep(Q,t>) = Rep(Q,f). Let 

G:= llGL^XC). 

Then, there is a natural hamiltonian G-action on X with a moment 
map 

K^) = X] (-l)''''a;aa;a for x = {Xa)aeQ^ ^ Rep{Q,v) 

where a denotes the opposite arrow of a and l^"*"! = 0, \b~\ = 1 for 
b E Qi. Here we identified Q with its dual by trace. The equation (12.11) 
can be checked easily since for g e Q, da{g) is the linear vector field 

{ghaXa - Xagta)a € ReY>{Q,v). 

Let 

\=Y, AJdEnd„ac) e End,^(C), A, G C 

and choose a character x = (^j) ^ ^'^^ of G by sending g E G to 
HjgQ, (det (7j)^* G C^. This defines a linearization L = /i~^(A) x C^. 

We consider the holomorphic symplectic quotient /i^^(A)/^G'. Since 
there is no difference between GIT quotients with respect to x ^"^^ ^^X 
for any positive integer m, we allow that 6i are rational numbers. 
On X, there is an action by 

T = (C^)^i 

which commutes with G-action. It is defined by 

t-4> = {ta(Pa)aeQ, for G X, t G T. 

4.2. Twisted quasimap. For each arrow a G Qi, fix two line bundles 
Ma± on C with a fixed isomorphism Ma+ ® Ma- — )■ wc- In the below, 
we identify Ma+ <S> Ma- = uc and for Ma- ® Ma+ = co'c "we will use 
the natural isomorphism followed by the given one: Ma- ® Ma+ — )■ 

Ma+ ® M,- ^ Wc- 

Definition 4.1. A pair (P, u) is called a NL-twisted quasimap to X///\=oG 
if: 

• P is a principal G-bundle on C 
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• u = (Ma)agQ^ where 

• The section u satisfies the 'moment' map equation (for A = 0): 

-l)l"l(M„®IdAfJ®Mj,) =0. 



«GQoagQi:ta=i 



A M-twisted quasimap (P, u) to X///x=oG is called a stable 'M.-twisted 
quasimap to X///x=qG with a rigid domain curve C if m hits unstable 
locus only at finite points of C. 

In the definition of stable M-twisted quasimaps, we need explana- 
tions. After fixing z & C and identifications of fibers: {Ma)\^ = C 
for a E Qi and {ujc)\^ = C, it makes sense whether u hits unstable 
locus at z. Since the different choices of identification make points 
u{z) E X in the same T-orbit and T action commutes with G action, 
the (semi) stability of u{z) is independent of the choices. Therefore 
the statement that u hits unstable locus only at finite points of G is 
well-defined. In the above definition, we let A = to construct X///G. 

We define the degree of (P, u) as a homomorphism /3 from the char- 
acter group Hom(G,C^) to Z by /3(i/) = deg(P x^ Cy). Similarly to 
the untwisted case, we conclude this. 

Proposition 4.2. Assume (1) and (3) Condition \3.!^ The moduli 
stack 

gmap(X#A=o,xG',M,/3,C) 

of stable ISA-twisted quasimaps with degree /3 to X///G is a proper DM 
stack over SpecC[/i~^(0)]*^ when x = (1, ■■■, !)• 

Proof. In the construction of the moduli stack as a DM stack of finite 
type, only nontrivial part is the boundedness, which will be given in 
the proof of Theorem 15. 9[ 

We prove the valuative criterion for properness. Let 5*° be a punc- 
tured smooth curve of a smooth curve 5* and let (P, u) be a stable 
twisted quasimap on C x 5*°. Suppose that the induced map from 5'° 
to SpecC[/i~^(0)]*^ is extendable to a map from S. 

Existence: Denote by B the locus of C x 5° where u hits unstable 
locus and let {Ui} be a finite open covering of G with trivializations 
of uc and Ma+^a on each Ui. After fixing trivializations, consider a 
regular map from U^xS°\B io X///G. Since X///G -^ SpecC[fi-\0)f 
is proper, the map can be extendable to [ui] : UiXS\{BY[Z) — > X///G, 
where Z consists of finite points Therefore there are corresponding 
extensions (Pj, Mj) of (P, u) on Ui x S \ {B U Z) . We claim that Pj can 
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be extendable to a principal bundle Pi on f/j x S. This can be seen 
by considering a regular map extension near Z of [ui] by blowing up 
along Z and then push-forwarding the associated vector bundle under 
the blowdown map to obtain coherent sheaves on Ui x S. Take the 
double dual Ei of the sheaves which are locally free on Ui x S and let 
Pi be the associated principal bundle of Ei. The natural isomorphism 
between Pi and Pj on Ui H Uj x S \ Z is extendable on C x 5* since Z 
is isolated points. Denote by P the glued principal bundle on C x S. 
We also have a glued section oi Ui on C x S\Z and have the extended 
section u oi P Xg V on C x S" by Hartogs' theorem. By construction, 
the extension (P, u) is clearly a stable twisted quasimap to X///G over 
S. _ _^ 

Uniqueness: If there are two stable extensions {P,u) and {P ,u'), 
then they must be isomorphic on C x S \ Z for some finite set Z due 
to the induced rational maps from Ui x S to X///G. The isomorphism 
is in turn extendable on C x S. D 

4.3. Obstruction theory. Let <£^ ® M denote the complex 
(AU n. AAV ^ ®«eQi {'Hom{Vta+,Vha+)^n*cM,+ 

^ AdP^ ® TT^wc; ^ 

on C, where Vj = VxgC"^ and iic is the projection C x Qmap — )■ C (for 
the notation of others see (Ell)). Here AdP = V XqQ = {V Xg G*y ■ 

Proposition 4.3. Assume (1) in Condition \3.3[ The stack 

Qmap{X///G, M, /3, C) 
comes equipped with a sym,m,etric obstruction theory 

Proof. It is straightforward to check that the argument in subsection 
13.21 proving Proposition 13.61 with 'twist' by M works fine. By Remark 
13. 7[ (2) and (3) of Condition 13.31 are not necessary. D 

4.4. S-action. Typically, the quotient X///G is not proper over C 
However, the fixed locus X///G might be proper, where S = (C^)*^^ Cj 
T by i(t)a+ = ta and ^(t)a- = t~^ for a G Qi. From T action on X, S 
action on X is induced. Note that the moment map is invariant under 
S action. 

The S fixed loci {fi"^ (0) // ^G)^ can be considered as the induced GIT 
quotient 



p-H{^^-m//xGr)//xG 
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where p : fi^^{OY — )■ fi^^{0)//^G is the projection. Then note that 

Qmap(/i"^(0)//xG, M, /3, Cf = Qmap{{iJ-\0) // ^Gf , M, /3, Cf, 

under the induced actions on the moduh spaces. Note that (14. ip is 
S-equivariant. Hence by Proposition 14.31 and the virtual locahzation of 
Graber and Pandharipande ( |GP] ). we conclude this. 

Corollary 4.4. Assume (1) and (3) of Condition \3.^ There is a 
natural symmetric obstruction theory for Qmap^ . If the fixed loci 
{fi^^ {0) // ^G)^ is proper over C, so is Qmap^ . 

Proof. The induced obstruction theory is obtained from the dual of the 
Cech resolution C of (14. ip equipped with the natural S-action which 
is nontrivial only on the middle term. Note that S-equivariantly C = 
C^[— 1] by Serre duality. Hence, the perfect obstruction theory for 
Qmap^ induced from C^ satisfies the desired symmetry since C^ = 
(C^)^[— 1]. More precisely, let SpecA be affine open 'subset' of Qmap 
in etale topology. Choose a finite affine open covering 11 of C x SpecA 
and let C be the total Cech complex of (14. ip with respect to il. By 
choosing a suitable affine open covering, we may assume that the only 
nontrivial terms are C*, i = —1, 0, 1, 2. Let (C^, 9*) be the S fixed part 
of C. Choose a finitely generated free A-module F^ with a A-module 
surjection from F^ to Ker((9^) and define F^ = {{a,b) G Coker(c}~^) © 
F^ I a = 6 in Ker((9^)}. Then it is easy to check that the induced 
complex F' is quasi-isomorphic to C^. Consider F as the complex of 
associated C^-sheaves on SpecA. Note that F° is locally free since F^ 
is locally free and the difference of dimension of fibers of F^ is constant 
(zero in this case). This F is the induced perfect obstruction theory 
for Qmap^ with the symmetry property F = F'^[— 1]. D 

5. Stabilities on Quiver bundles 

5.1. King's stability. The stability with respect to linearization x 
we used in the previous section can be reinterpreted as a Bridgeland's 
stability condition on a suitable abelian category of representations of 
the path algebra CQ with relations. 

The path algebra is a C-algebra spanned by, as a C vector space, 
all finite paths a„...ai of consecutive arrows and an extra arrow Cj, for 
each i E Qo, where ai G Qi and hai = ta^+i for all /. The product 
is given by a sort of compositions. Namely, {aj^...aj-^) ■ {ak„--.-ak^) is 
aj,^...aj-^ak„....aki if hak„ = taj^^, otherwise. The generators are subject 
with relations: ef = cf, e^a is a if /la = i, otherwise; and ae, is a if 
ta = i, otherwise. Impose one more relation coming from the moment 
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map together with A G C^o: 

which will be denoted symbolically by /i — A = 0. 

Denote by (/i — A) the two-sided ideal generated by /x — A. Note that 
a CQ/{fi — A)-module l^ amounts to data {Vi, 4>a)i(zQ^^ aeQ "where Vi is 
a C- vector space and 0a is a homomorphism from Vta to V/^a subject to 
the condition coming from /i — A = 0. A homomorphism from a module 
(Vi, (pa) to another (V/, 0^) is nothing but a collection (y9i).jgQ„ of linear 
maps Lpi'.Vi^ VI making 0^ o yj^^ = yj;,^ ° <Pa for every a G Qi- 

Now we are ready to reformulate the ^-stability of V G X following 
[Ki]. Suppose that fo 7^ 0. Let 6*0 = — (Xligo' (^1^1) /vq and for a 
CQ/(/i - A)-module W let 

^(ly) = ^0 dim Wo+^Oi dim VTi, 

where Wq := ©igg;; dimPVj. Note that OiV) = 0. 

Theorem 5.1. Suppose that dimV^ 7^ for every i G Q'q. The follow- 
ings are equivalent. 

(1) V is semistable (resp. stable) with respect to x- 

(2) 9{W) > (resp. 6{W) > 0) for every nonzero, proper, framed 
suhmodule W of V . Here W is called framed if Wq is Vq or 
zero. 

Proof. The argument in |Ki] which uses Proposition 12.21 works with 
group G, too. We provide its detail. For (1) ^ (2), let W he a. framed 
submodule of V . If Wq = Vq, then there is a 1-parameter subgroup 
A : C^ ^ G such that V-^ = V, V^ = W and V^ = 0, where 
V := {peV : A(t) ■p = t'^p,m > n,Vt G C^} (by the standard G = 
HigQ/ G'L^^(C) action on V" = ^i^Q^'^^^^). If Wo = {0}, then there is 
a 1-parameter subgroup A : C^ — > G such that V^ = V, V^ = W and 
V^ = {0}. In either case, limt_>0'^(^) " V (by the action on the space 
of homomorphisms) exists and {x, ^) = JZnez^^i^"'/^"''^^) ~ ^(W)- 
Therefore, we conclude the proof by Proposition 12.21 For (2) =^ (1), 
suppose that limi_^o \(t)-V exists for a nontrivial 1-parameter subgroup 
A. This implies that V" is a framed submodule of V for every n. Since 
the A-action is nontrivial, some V"' is a proper, nonzero submodule of V. 
Now the proof follows from the identity {x, A) = '^nez^^iV"' /V"'~^^) = 



STABLE QUASIMAPS TO HOLOMORPHIC SYMPLECTIC QUOTIENTS 13 

This motivates the following. First, from now on we assume that Qq 
has only one vertex 0. Let K he a. vector space of rank r. 

Definition 5.2. Denote by R.ep)^{Q,K) the category whose objects are 
finite dimensional CQ/{fi — A)-modules V with an identification Vq = 
K^ for some finite (possibly empty) set 5* and whose morphisms, say 
from V to V are module homomorphisms ((y9j)jgQQ satisfying the con- 
dition: ipo -.Vf) = K^ -^ Vq = K^ is a 'block' matrix over K, i.e., by 
definition, if (fQ = {iPq'^ )ses,ses': fo'^ is a multiplication map for every 
pair (s, s'). 

Proposition 5.3. Iiep^{Q,K) is an abelian category. 

Proof. The category is a subcategory of the abelian category of finite 
dimensional CQ/{fi — A)-modules. Hence, it is enough to show that 
the (co)kernel map and the image map of a block matrix (po is a block 
matrix. For the kernel (resp. the image) it can seen by row (resp. 
column) operations for the block matrix A := ipQ. The cokernel map 
can be expressed by a block matrix C solving CA' = 0, where A' is the 
reduced matrix of A by column operations. D 

Define a homomorphism 

Z-.Z'^^C, {x,y)^y + V^x. 

For V e Rep;)^(Q,K), let Z{V) = Z{vo,vi) where vq = dimV^o, vi = 
dim\4 and Vi = (Bi^g'Vi. Note that for nonzero V, Z(y) ^ and 
0<Arg(Z(r)) <7r/2.° _ 

For a nonzero V G Rep;^(Q, K), if we take 

6*0 := -^i/^o, 6*^ := l,Vz G Q'^ 

then ArgZ(iy) < ArgZ(\/) if and only if d{W) > (resp. ArgZ^W) < 
ATgZ{V) if and only if 6{W) > 0.) for every nonzero proper subobject 
W oi V in Rep)^{Q,K). Therefore when Vq = K, Bridgeland's sta- 
bility ( |Br] ) defined by the stability function Z coincides with King's 
^-stability (Theorem 15. ip . From now on we will consider the GIT quo- 
tient variety X///G with respect to linearization (6'j)jgQ^ = (1, ..., 1). 

5.2. Quiver sheaves. In this section, for every i G Qq fix A, G T{C, uc)- 
For a systematic study of stabilities on quasimaps we interpret quasimaps 
as linear objects. 

Definition 5.4. A data {Ei, 4>a)i^Q^ a^o is called NL-twisted quiver sheaf 
on C with respect to (Q, A) if Ei is a coherent sheaf on C; Eq is K^®Oc 
for some finite set S"; and (pa is a O^-niodule homomorphism from Eta 
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to Eha ® Ma- The homomorphisms are subject to relation (which will 
be denoted also hj fi — X = 0): 

(^•1) Yl Yl (-l)''''(0a®IdMjo0^-Id^,®A, = 0, 

unless stated otherwise. 

Remark 5.5. For the history of the studies of (the moduli spaces of) 
twisted quiver sheaves usually without the relation, see [XU \AG\ \GK\ 
[Sh] and references therein. See also |Szlj . 



Like a quiver representation and a Oc-sheaf, a quiver sheaf can be 
considered as a module of the M-twisted path algebra MQ over Oc 
([GKlEG]). For each path p = a^-.-ai, let Mp = M^^ ®Oc ^aVi ®Oc 



^Oc 



Ml and for d, let M^^ = Oc- Let 



MQ/{^-X)=i mJ/(/x-A) 

\all paths p / 

which has a C^-algebra structure similar to the path algebra CQ. Here 
(/i — A) is the two-sided ideal generated by the relations (15. ip for 'ab- 
stract' (pa e Ma'. For every local section ^ e uJq, consider 

(/^ - A),(0 := 5^(-l)l'^lea ® e. - (e, A,)e, 

ha=i 

where ^a ® i^s is an element in M^ ® M^ corresponding to ^ by the 
given isomorphism M^ ® M^ = Uq. The ideal sheaf /x — A is defined 
to be the ideal sheaf generated by (yU — A).j(^) for aWi E Q'q, C, E Uq. 

Given a N\.Q/{fj, — A)-module structure on E, a M-twisted quiver 
sheaf can be associated by letting Ei = M^iE and (0a)|^(ma®s) = niaS 
for an open set U G C, rria G M^^iU), s G EtaiU). (Here we regard 
0a : M^ (g) i^ia -> -E/ia-) Couvcrsely, a quiver sheaf defines a module 
structure on ©i?,. 

There is a notion of isomorphisms between them. Note that, for 
A = 0, upto isomorphisms, a M-twisted quasimap to some X///G with 
degree (3 amounts to a M-twisted quiver bundle (i.e., a quiver sheaf 
with Ei being locally free sheaf for every i) with 

rankEj = Vi, deg Ei = /3(detj), 

where det « is the character of G given by the determinant of i-th general 
linear group. Denote by RepQ{Q,N\.,K) the abelian category of M- 
twisted quiver sheaves E with framing Eq = K^ ® Oc for some finite 
set S (depending on E). A morphism from {Ei,(j)a) to {E'-,(j)'^) is, by 
definition, a collection ((^j)jgQQ of Oc-homomorphism ipi : Ei —> E'^ 
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making 0^ o ip^^ = {ip,^^ ® l^^J o 0„ for every a G Qi, satisfying the 
framing condition: ipo : K^ ® Oc — > K^ ® Oc is a block matrix of 
constant multiplications. 

For 5 > 0, define a homomorphism Z5 : Z^ — > C by assignments 

Z(T;o,t;i,rf) = Zi{vi,d) + Z2{vq,Vi), 
Z^ivud)) = f + v/^rfi, 

Also define Zs{E) e C by the rank-degree map Rep^^ ciQ^ ^^ ^) -^^ ■, 
E \-^ (rankii^oiranki?!, degi^i) followed by Z, where Ei^ = Q)ieQ"Ei, 
El = ®i(zQi^Ei. 

The homomorphism (followed by 7r/2-rotation) is a stability function 
on W? with Harder- Narasimhan property in the sense of Bridgeland by 
Proposition 2.4 (Artinian and Noetherian conditions together imply 
the HN property) in [Br]. Let f^s{E) G (— c>o, 00] be the slope of Zs{E) 
for a nonzero quiver sheaf E. We abuse notation by letting /i stand for 
slopes as well as moment maps. This shouldn't cause any confusion. 

Definition 5.6. A nonzero M-twisted quiver sheaf E with rank£^j 7^ 
for some i G Qg is called 6-semistable (resp. 6-stable) ii ^s{E') < ^s{E) 
(resp. fi5{E') < fis{E)) for every nonzero proper subobject E' of E in 
Rep;,,t7(Q,M,ir). 

It is necessary that a semistable quiver sheaf is locally free. Let /Zj, 
i = 1,2, be the slope function given by Zi when 6 = 1. 

Definition 5.7. Denote by (Eq) the smallest quiver saturated subsheaf 
of E containing Eq (which can be obtained by the intersection of 
all submodules E satisfying Eq G F and E/F is torsion free). The 
sheaf (-E'o)i at vertex i is generated by global sections upto saturation. 
Hence, deg A'^'™''^°''(£'o)j > 0. Here the saturation means that the 
sheaf Ei/{E)i is torsion free for every i. 

The following Lemma is on some facts which will be used in the proof 
of Proposition 15.111 below. 

Lemma 5.8. Fix the curve C and a covering map : C — ?■ P""^. Let E 
be a vector bundle on C. 

(1) // H^{C,E ® (j)*0{mQ)) = 0, then there is a number hq de- 
pending only on degE, rankii^, and m^ satisfying H^{C,E^ ® 
(j)*0{m)) = for all m > Uq. 

(2) IfH\C,E^ ®L) = Q for a line bundle L on C, then degE < 
(I degL| + |1 — gDrankE whenever F is a subsheaf of E. 
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Proof. Let b be the degree of the covering map. 

For (1): Since = H\C,E® <P*0{mo)) = H\F\ (f),E{mo)), (f),E = 
(BO{af) with af + ttiq > —1. Hence J^i af > af — (^o + 1)^^ for any 
j. On the other hand, deg 0*i? + 6r = deg£' + ranki5^(l —g). Therefore, 
af < ranki5(l — g) + mobr + deg E. Take tiq = |rank£'(l — g) + mobr + 
degE|. 

For (2): Note that H\C, F ® ujc ® V) C H\C, E ® uc ® V) = 
H^{C,E^ ® ly = 0, which imphes that > x{C,F ^ uc ® L"^) = 
deg F + rankF(2(yf — 2 — deg L) + rankF(l — g). Hence, we conclude the 
proof. D 

Theorem 5.9. Assume A = 0. The moduli space 

QmapsiX///G,M,(3,C) 

of 6-stable ISA-twisted quiver bundles of degree P on C is a DM-stack 
of finite type over C, equipped with a natural symmetric obstruction 
theory (i?V,£ (g) M)^. 

Proof. Note that by Remark 13.71 and the fact that there are no nontriv- 
ial automorphisms of stable objects (except overall multiplications), the 
complex {R*7i^,£ (g) M)^ is of amplitude contained in [—1, 0]. The com- 
plex can be expressed by a two-term perfect complex by the method 
in the proof of Corollary 14.41 Hence, as in Proposition 14.31 it is a 
symmetric obstruction theory for Qmaps{X///G, M, (3,C). 

The construction of moduli stack Qmaps can be done by the argu- 
ment parallel to the case Qmap (i.e., the case when 6 is large enough) 
which is handled in |CKt ICKMj . once we have the boundedness of 
Qmaps- We will not repeat the procedure. We prove the boundedness 
using Harder-Narasimhan filtration with respect to the standard slope 
^sf Let {E, (j)"-) be ^s-semistable quiver sheaf. Considering i? as a sheaf 
®Ei on C, take the Harder-Narasimhan filtration 

= E° C E^ c ... c e' = E 

of E for Ust in the category of Oc sheaves. Since HN filtration of a 
direct sum is a certain sum of each HN filtration, E'^ = (Bji^QqEj, where 
E^j denotes E' D Ej. Also, note that Eq = E^/Eq'^ for some i. 

Claim: fi,t{EyE'-')^ Ni{fis{E), I, degM) := max{0, fis{E)} + {I - 
i)max{0, degMa | aE Qi}. 

We prove Claim by induction on I — i. When i = I, the claim is 
true since fist{E'- / E^~^) < ^st{E'-). We define a composite ipf : E'' — )■ 
El -^ Eha -^ Eha ® Ma/E{^ ® Ma ^ E ® Ma/ E' ® Ma wherc the 
first map is the natural monomorphism and the second map is the re- 
striction of (f)"" to El, the third map is the projection, and the last 
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map is the natural monomorphism. Define ipi = ©^gQ "^f '■ ®aE^ -^ 
(Ba{E (g) Ma/ E^ ® Ma), wheie ©a-E* is the sum of Q^ - many copies of 
E\ li ipi = then E^ is a subobject of E in Rep;^(^(Q, M, i^) since 

E^/E^-' = Eo for some j. Hence, /ii(EO := ^^ < fisiE^) < fisiE) 

which, combined with /i,,(EVE-i) < fi,t{E^) = /ii(EO - ^SfSIJ' 
imphes Hst{E' / E'-^) < if degE* < and fistiE'/E'-^) < fis{E). 
Thus, degE* < max{0, fis{E)}. If 0i ^ 0, then ^ist{E'' /E''~'^) < 
Hst{E'^ jE"^ ~^ © Ma) for some a and i' < i < i" ~ 1. By induction 
hypothesis, i^stiE''/E''-^) < N^ME), I, degM). 

Let F be a nonzero subsheaf of E. If = F° C F^ C ... C F™ = F 
is the HN filtration of F for fist, for every 1 < k < m, the natural map 
pk jpk-i _i. ^Y£'«-i ig nonzero for some i Hence, ^st{F^ / F^~^) < 
fist{E^/E^~^) for some i, which implies, combined with the claim, that 
l^st{F) < iVi(/i5(F),rank(F), degM). Now the boundedness follows 
from Theorem 1.1 in [Si]. D 

Remark 5.10. Note that the above proof of the boundedness holds also 
for 5-semistahle M-twisted quiver bundles of degree /3 on C . 

Proposition 5.11. Assume A = 0. Fix v = (vi) E Nz.q and d = 
(di) G Z*^o. There is a number 6o > such that for all 6 > 6o, the 
following conditions are equivalent for M.-twisted quiver bundles E with 
numerical data {v, d) in the category Rep;^ ciQi ^i -^) where dime K = 

Vq. 

(1) 6-semistability. 

(2) 6-stability. 

(3) the stability as a M-twisted quasimap to X///gG where 9 = 
(1,...,1). 

(4) (Fo) = F. 

Proof. By the boundedness in previous Theorem, there is a number ttiq 
for which the condition H^{C, E © (f)*0{mQ)) = in Lemma [5.81 holds, 
where F = ©Fj. Let A^ = (| degL| + |1 — gDrankE in Lemma W^ with 
L = (j)*0{no). Take any number 6o such that 

(5.2) 5oMino^.'<.|/i2(^) - f^2{v')\ >N+ |/ii(F)|, 

for any pair v' = (f q, v[) of integers satisfying Vq = vq ot 0, < v[ < vi 
and v' 7^ v. 

(1) =^ (4): If (Fo) ^ F, then H2{{Eo)) > /i2(F), which implies that 
<5(/X2(F) - /i2((Fo))) < -|/ii(F)| by (O. Hence fis{E) < fis{{Eo)) 
since < deg(Fo)i for all i. 
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(4) <^ (3): This is because (Eq) = E ii and only if fj,2{{Eo)) < 
IJi2{E) and {Eq)\ = ((-Eo)| ) for general p E C, where the latter is 
defined by the submodule of the path algebra CQ/fi — X (after choosing 
identifications) generated by (-E'o)ip- 

(3) =^ (2): Let E' be a nonzero quiver subsheaf of ii^ where E is stable 
as a quasimap. Since fi2{E') < fi2{E), which implies that fis{E') < 
fis{E) by (IE2D and Lemma EH D 
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